We present results at β = 6.0 and 6.2 for the O(a) improvement and renormalization constants for bilinear operators using axial and vector Ward identities. We discuss the extraction of the mass dependence of the renormalization constants and the coefficients of the equation of motion operators.
INTRODUCTION
In quenched Lattice QCD, axial and vector Ward identities can be used to determine, at O(a), all the scale independent renormalization constants for bilinear currents (Z A , Z V , and Z S /Z P ), the improvement constants (c A , c V , and c T ), the quark mass dependence of all five Z O , and the coefficients of the equation of motion operators [1] [2] [3] [4] [5] [6] . Here we summarize results at β = 6.0 and 6.2 and discuss the highlights of our calculations. Details and notation are given in [6] .
We start with the generalized axial Ward identity involving operators improved on and off-shell where δO is the result of the axial variation of O (A µ ↔ V µ , S ↔ P , and T µν → ǫ µνρσ T ρσ ), and δS is the variation in the action. At O(a) there exists only one dimension 4 offshell operator (which vanishes by the equations of motion) for each bilinear that has the appropriate symmetries [7] . Consequently, we define
Here (ij) (with i = j) specifies the flavor, and
is the full O(a) improved Dirac operator for quark flavor j. This ensures that the equation-of-motion operator E O gives rise only to contact terms, and does not change the overall normalization
The Z 0 O are renormalization constants in the chiral limit, m ij ≡ (m i + m j )/2 is the average bare quark mass, am i = 1/2κ i − 1/2κ c , κ c is the value of the hopping parameter in the chiral limit, and m ij is the quark mass defined by the axial Ward identity (AWI) in Eq. 12. Note that m andm are identical in a discretized theory with chiral symmetry, like staggered fermions. With these defi- [6] . Since the equation-of-motion operators contribute only contact terms, Eq. (1) can be rewritten in terms of just on-shell improved operators:
where
µ (x) . Table 1 Simulation parameters, statistics, and the time interval in x 4 defining the volume V over which the chiral rotation is performed in the AWI. The lattice spacing is fixed using r 0 = 0.5 fermi, and is thus independent of the fermion action. The source J is placed at t = 0. Label 
wherem i ≡m ij | mj =mi . Using Eqs. 10 and 11, all
, and the scale independent normalization constants are determined by making suitable choices for J, O, and y in Eq. 10 and studying it as a function ofm 1 andm 3 (Eq. 11).
RESULTS
The lattice parameters used in our calculation are given in Tab. 1 and 2. Our final results, which supercede those in Ref. [5] , are given in Tab. 3.
In many cases a given on-shell improvement and normalization constants can be determined in a number of ways as discussed in [6] . Results in Tab. 3 are based on the AWI with the best signal and smallest error. Table 3 also includes results by the ALPHA collaboration [1] [2] [3] and the one-loop tadpole improved perturbative results. To simplify comparison with previous results, we quote bothb V ,b A and b V , b A .
One of the goals of our calculation is to quantify the residual O(a 2 ) errors and to understand the shortcomings of 1-loop perturbation theory. For O(a 2 ) errors we use two estimates: (i) the difference between our results and those by the AL-PHA collaboration [1] [2] [3] , and (ii) the difference between using 2-point and 3-point discretization of the derivatives [6] in the extraction of c A from
and the subsequent effect of the difference in c A on other constants. This latter variation is quoted as the second error in Tab. 3. These differences are compared to the expected size of the residual discretization errors: (aΛ QCD ) ≈ 0.15 and 0.1 for the improvement constants and (aΛ QCD ) 2 ≈ 0.02 and 0.01 for the normalization constants at β = 6.0 and 6.2 respectively.
A comparison, at β = 6.0, between simulation at c SW = 1.4755 (tadpole improved theory) and c SW = 1.769 (non-perturbatively O(a) improved theory) shows that all the constants are sensitive to the choice of c SW . It is therefore important to use c SW determined non-perturbatively.
The most significant comparison is between our results and those of the ALPHA collaboration. The only results which do not agree within 2-σ statistical errors are those for Z 0 V , c A and c V at β = 6, and for Z 0 V at β = 6.2. The differences for Z 0 V are of size 0.01 and 0.005 at β = 6 and 6.2 respectively, and are thus consistent with the expected differences of O(a 2 ). The differences for c A and c V are also consistent with the size expected of O(a) differences, but are more notable because they correspond to very large fractional differences (e.g. our c A at β = 6 has less than half the magnitude of that found by the ALPHA collaboration). What we learn is that (i) c O , which vanish at tree level and are numerically small, depend Table 2 Values of κ used in the three simulations, and the corresponding values of aM π and the quark mass am extracted.m is defined by the AWI in Eq. 12. κ c is the zero ofm obtained from quadratic fits in 1/κ. The non-zero value of aM π at κ c is indicative of the inadequacy of quadratic fits, a 2 M 2 π as a function of 1/2κ, used to extract it, and discretization errors. Of these, the first is the dominant cause and points to the need for including quenched chiral logs in the fits [6] .
0.11900 0.443 (8) substantially, at β = 6, on the method/definition used to extract them; (ii) the variation between 2-pt and 3-pt derivatives significantly smaller than the difference between our results and those of the ALPHA collaboration; and (iii) these differences in c V , and even more so in c A , are substantially reduced at β = 6.2. The change appears too rapid to be an O(a) effect. Both c V and c T are obtained as a small difference between two large terms. Nevertheless, we are able to design Ward identities that yield these quantities with reasonable precision. In particular, the significant improvement we obtain in determining c V using methods described in [6] reduces the error in Z When comparing against perturbative estimates the yardstick we use for the missing higher order terms is ∼ α 2 s ≈ 0.02 and 0.016, respectively. We find that tadpole-improved 1-loop perturbation theory underestimates the deviations of renormalization and improvement constants from their tree level values. In all but one case, however, these discrepancies can be understood as a combination of a 2-loop correction of size (1 − 2) × α Table 4 Results for off-shell mixing coefficients. Finally, we comment on results presented in Table 3 Final results for improvement and renormalization constants. The first error is statistical, and the second, where present, corresponds to the difference between using 2-point and 3-point discretization of the derivative used in the extraction of c A . The ALPHA collaboration results are from [1] [2] [3] . For the tadpole improved perturbative results (labelled P.Th.) see appendix in Ref. [6] (2)(8) Reference [9] has determined c A using the same method and similar lattice parameters as here but with significantly more configurations. They study, at one κ (∼ κ 5 at both β = 6.0 and 6.2), the effect of using derivatives that are tree-level improved through O(a 2 ) (our 3-pt), O(a 4 ) and O(a 6 ). They find a larger dependence than what we get between 2-pt and 3-pt discretizations at κ 5 . The O(a 2 ) errors in the two calculations are, however, different due to the choice of source and the fit range in time. Also, we find that after chiral extrapolation these discretization effects are significantly reduced. Nevertheless, once again the large variation should serve as a warning that the O(a) errors in c O can be substantial.
